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Why Waves?

What is the importance to study waves in plasma?

(a) Plasma fingerprints appear in wave 
emissions . Thus, they are useful in faraway or 
unavailable plasma observation. They can 
serve as diagnostic tools.

(b) Plasma waves are essential for several 
processes , including energy transfer, 
ionospheric loss, particle acceleration, 
lightning, and heating



Planet Venus

• Venus lacks an intrinsic magnetic field. 

• Direct interaction between the solar wind and
Venus. 

• The solar radiation interacts directly with Venus’
dense atmosphere forming a partially ionized shell
called the ionosphere. 

• Venus has a rich environment that can support the
generation of different plasma modes. 

• One of these basic modes is the ion-acoustic wave
(IAW), which is the motivation of this work. 



Missions of Venus 

• VEX (Venus express)

• PVO (pioneer Venus 
orbit)



The density and velocity altitude profiles measured in 
the Dawn-Dusk meridian at the Venusian ionosphere 
by VEX

R. Lundin et al. / Icarus 215 (2011) 751–758



Ion-Acoustic Waves in Magnetized Cold Plasma at Venus' 
Ionosphere

Aim of the work

investigate the problem of small-amplitude 
ion acoustic waves in a cold plasma with two 
positive ions and electron with Maxwellian 
distribution using a reductive perturbation 
method (the ZK equation is derived and 
solved using the direct method)



Model Equations

Continuity equation      
𝜕𝑡𝑛α + ∇. 𝑛𝛼𝑢𝛼 = 𝑜

Equation of motion

𝑚𝛼𝑛𝛼 𝜕𝑡𝑢𝑎 + 𝑢𝛼∇. 𝑢𝛼 − 𝑞𝑛𝞪(-∇𝜑 + ൗ1 𝐶0 𝑢𝛼 × 𝐵) = 𝑜

Boltzmann distribution

𝑛𝑒 = 𝑛𝑒0exp
ⅇ𝜙

𝑘𝐵𝑇ⅇ

Electric force Magnetic force

The system of equations is closed by Poisson equation 

Where:

𝛼 = 𝐻+and O+
∇2𝜙 = 4𝜋e(𝑛𝑒 − 𝑛0 − 𝑛𝐻)



The normalized system of equations

The nonlinear dynamics of IAWs are governed by the 

following set of normalized hydrodynamic equations 

𝜕𝑡𝑛𝑂 + 𝜕𝑥 (𝑛𝑂𝑢𝑂𝑥) + 𝜕𝑦 (𝑛𝑂𝑢𝑂𝑦) + 𝜕𝑧 (𝑛𝑂𝑢𝑂𝑧) = 0

𝜕𝑡𝑢𝑂𝑥 + 𝑢𝑂𝑥𝜕𝑥𝑢𝑂𝑥 + 𝑢𝑂𝑦𝜕𝑦𝑢𝑂𝑥 + 𝑢𝑂𝑧𝜕𝑧𝑢𝑂𝑥 + 𝜕𝑥𝜙 − 𝑤𝑠𝑂𝑢𝑂𝑦 = 0

𝜕𝑡𝑢𝑂𝑦 + 𝑢𝑂𝑥𝜕𝑥𝑢𝑂𝑦 + 𝑢𝑂𝑦𝜕𝑦𝑢𝑂𝑦 + 𝑢𝑂𝑧𝜕𝑧𝑢𝑂𝑦 + 𝜕𝑦𝜙 + 𝑤𝑠𝑂𝑢𝑂𝑥 = 0

𝜕𝑡𝑢𝑂𝑧 + 𝑢𝑂𝑥𝜕𝑥𝑢𝑂𝑧 + 𝑢𝑂𝑦𝜕𝑦𝑢𝑂𝑧 + 𝑢𝑂𝑧𝜕𝑧𝑢𝑂𝑧 + 𝜕𝑧𝜙 = 0

𝜕𝑡𝑛𝐻 + 𝜕𝑥 (𝑛𝐻𝑢𝐻𝑥) + 𝜕𝑦 (𝑛𝐻𝑢𝐻𝑦) + 𝜕𝑧 (𝑛𝐻𝑢𝐻𝑧) = 0,

𝜕𝑡𝑢𝐻𝑥 + 𝑢𝐻𝑥𝜕𝑥𝑢𝐻𝑥 + 𝑢𝐻𝑦𝜕𝑦𝑢𝐻𝑥 + 𝑢𝐻𝑧𝜕𝑧𝑢𝐻𝑥 + 𝜇𝐻𝜕𝑥𝜙 − 𝜇𝐻𝑤𝑠𝐻𝑢𝐻𝑦 = 

0𝜕𝑡𝑢𝐻𝑦 + 𝑢𝐻𝑥𝜕𝑥𝑢𝐻𝑦 + 𝑢𝐻𝑦𝜕𝑦𝑢𝐻𝑦 + 𝑢𝐻𝑧𝜕𝑧𝑢𝐻𝑦 + 𝜇𝐻𝜕𝑦𝜙 + 𝜇𝐻𝑤𝑠𝐻𝑢𝐻𝑥

= 0𝜕𝑡𝑢𝐻𝑧 + 𝑢𝐻𝑥𝜕𝑥𝑢𝐻𝑧 + 𝑢𝐻𝑦𝜕𝑦𝑢𝐻𝑧 + 𝑢𝐻𝑧𝜕𝑧𝑢𝐻𝑧 + 𝜇𝐻𝜕𝑧𝜙 = 0



The normalized system (cont.)

The electrons are described by Maxwellian distribution as

𝑛𝑒 = exp(𝜙)

The system is closed by Poisson equation

𝜕2𝑥 + 𝜕2𝑦 + 𝜕2𝑧 𝜙 − 𝛿𝑒𝑛𝑒 + 𝑛0 + 𝛿𝐻𝑛𝐻 = 0

𝜇𝐻 =
𝑚0

𝑚𝐻
𝛿𝑒=

𝑛𝑒
0

𝑛 0
, 𝛿𝐻 =

𝑛𝐻
0

𝑛 0
𝜔𝑠𝑖=

𝜔𝑐𝑖

𝜔𝑝0

the relative 
ion mass

the relative 
densities

the relative 
frequency



Derivation of Zakharov_ Kuznetsov

To investigate the proliferation of IAWs, the dependent variables in equations (ref1)–(ref10)

are enlarged about their equilibrium values in terms of epsilon as



• the independent variables can be expressed as in a moving frame in 
which the nonlinear structure propagates with a phase speed of V



Derivation of Zakharov_ Kuznetsov

we obtain an evolution nonlinear partial differential equation in 
the form of the ZK equation for the first-order perturbed 
electrostatic potential as

𝜕𝜏𝜙
1 + 𝐴𝜙 1 𝜕𝜉𝜙

1 + 𝐵𝜕𝜉
3𝜙 1 + 𝐶𝜕𝜉 𝜕𝜁

2 + 𝜕𝜂
2 𝜙 1 =0

where
𝐴 = 𝐵

3

𝑣4
+
3𝛿𝐻𝜇𝐻

2

𝑣4
− 𝛿𝑒

𝐵 =
2

𝑣3
+
2𝛿𝐻𝜇𝐻
𝑣3

−1

𝐶 = 𝐵1 +
1

𝜔𝑠0
2 +

𝛿𝐻𝜇𝐻

𝜔𝑆𝐻
2



Analytical solutions of Zakharov_ Kuznetsov
Using the direct soliton method According to Z-k equation will be transformed to an ordinary

differential equation (ODE) using the travelling transformation 𝑌 = 𝐿1𝜉 + 𝐿2𝜂 + 𝐿3𝜁 − 𝑀𝜏,

where 𝑀 represents the frame velocity, and the direction cosines 𝐿1
2 + 𝐿2

2 + 𝐿3
2 = 1. Thus, Z-K

equation is written as
ⅆ3𝜌

ⅆ𝑌3
+𝐻1𝜌

ⅆ𝜌

ⅆ𝑌
+𝐻2

ⅆ𝜌

ⅆ𝑌
= 0

𝜌( 𝑌) = 
1

𝐻3
sech2

𝐻2

4

1

2
𝑌

𝜌 can be expressed as 𝜌(𝜉, 𝜂, 𝜁, 𝜏) = 𝜌(𝑌)

where 𝐻3 are constants determined from 2𝐻1/ 3𝐻2   

the soliton amplitude 1/𝐻3

and the soliton width 
𝐻2

4

1

2
𝑌

the transformed coordinate with respect to a frame moving with velocity 𝑉 is 𝑌 (i.e.𝑌 = 𝜁 −𝑉𝜏)



Soliton wave 

The soliton profile is illustrated for different 

values of the relative density 𝛿𝐻,where 

plasma parameters are: 𝐵0 = 85 × 10−5 nT,
𝐿1 = 𝐿2 = 0.011, and

𝑛𝑜 = [250 − 73] 𝑐𝑚−3, 𝑛𝐻 =[17 − 60]𝑐𝑚−3

The soliton profile is illustrated for different 

values of direction cosine𝐿1,whereplasma 

parameters are: 𝐵0 = 85 × 10−5 nT, 𝐿2 = 0.01



Summery 
• The plasma model consists of two positive 𝐻+and0+

separately charged cold ions and Maxwellian electrons. 

• The direct reductive method to achieve a set of moving wave 
solutions characterizing nonlinear waves soliton.

• Analytical solutions of the wave amplitude exposes 
perturbation potential, that is, wave solitons are composed in 
the basis of Venus ionosphere at region (200 − 1000) km.

• The influence of plasma parameters such as density ratio 𝛿𝐻
and the direction cosine 𝐿1 on the qualities of soliton format 
has been considered. 



Nonlinear ion-acoustic waves in magnetized Warm 
plasma at Venus’ ionosphere 

Aim of the work

In Venusian magneto sheath , Venus express has observed the 
existence of large amplitude nonlinear waves which being 
small waves developing by oscillations to unstable region then 
large amplitude.

The novelty of the present work is to find the proper conditions
that allow different nonlinear waves such as soliton, blow up, 
and shock-like waves to exist in the Venusian ionosphere.



Basic Equations
Continuity equation

𝜕𝑡𝑛α + ∇. 𝑛𝛼𝑢𝛼 = 𝑜
Equation of motion

𝑚𝛼𝑛𝛼 𝜕𝑡𝑢𝑎 + 𝑢𝛼∇𝑢𝛼 − 𝑞𝑛𝞪(-∇𝜑 + ൗ1 𝐶0 𝑢𝛼 × 𝐵) + ∇𝑃𝛼 = 𝑜

Boltzmann distribution 

𝑛𝑒 = 𝑛𝑒0exp
e𝜙

𝑘𝐵𝑇e

The system of equations is closed by Poisson equation 

∇2𝜙 = 4𝜋e(𝑛𝑒 − 𝑛0 − 𝑛𝐻)

Where

𝛼 = 𝐻+and0+ 𝛻𝑃𝛼 = 𝑘𝐵 𝑇𝛼𝛻 𝑛𝛼

Electric force Magnetic force Pressure 
gradient force



Derivation of the evolution equations



Derivation of the evolution equations (cont.)

where

𝝈𝟎 =
𝑻𝟎
𝑻ⅇ

𝝈𝐇 =
𝑻𝐇
𝑻ⅇ



We introduce the stretched space-time coordinates 𝑿; 𝒀; 𝒁, and 𝑻 as 

𝑋= 𝜀 Τ1 2 𝑥 − 𝑉𝑡 ,              𝑌=𝜀
1

2 𝑦 ,         𝑍=𝜀
1

2 𝑧 ,                 𝑎𝑛𝑑 𝑇=𝜀 Τ2 3𝑡

where 𝐕 is the IAW phase velocity and 𝜺 is a small parameter that measures 

the size of the perturbation amplitude. Let us expand the variables 𝒏𝒋, 𝒖𝒊𝒙, 

𝒖𝒊𝒚, 𝒖𝒊𝒛, and 𝝓 in powers of 𝝐



Using the following basic set equations we obtain the 
ZK equation for the first-order perturbed potential



Mathematical solutions 
• we introduce a class of solutions for the nonlinear evolution equations is obtained 

by new Generalized (G'/G)-Expansion Method

• We apply this method to solve exact solutions for the ZK Eq. can be transform to ordinary 
differential Eq.







The phase velocity V against the relative density 𝛿𝐻 , where 𝜎o = 𝜎H = 0:1. 
The phase velocity V against the relative temperature 𝜎(𝜎o = 𝜎H), where 𝛿𝐻 = 0.4



Soliton wave
• The soliton profile with different values of 

the relative density 𝛿𝐻 , 

• the soliton profile with different values 
of the relative temperature 𝜎H

• the soliton profile with different values of 
the relative temperature 𝜎o



Shock-like wave
The profiles for the shock like wave against the normalized 

spatial coordinate, X, for different plasma parameters



Blow up wave

The profiles for the explosive pulse against the normalized spatial 

coordinate, X, for different values of the relative temperatures.



Periodical profile

• The periodical profile with different values 
of the relative density 𝛿𝐻 , 

• the periodical profile with different values of 
the relative temperature 𝜎H

• the periodical profile with different values 
of the relative temperature 𝜎o



Summery 
• Soliton, shock like , periodic , and explosive waves, are explored in a collision-

less, magnetized, multi-component plasma relevant to Venus’ ionospheric (at 
altitudes  200–1000 km) 

• The plasma model Consists of warm hydrogen 𝐻+and oxygen 0+ions as well as 
Maxwellian electrons. 

• The nonlinear dynamics of these structures are described by the nonlinear 
Zakharov-Kuznetsov equation. 

• The G`/G-expansion technique is employed to describe the nonlinear structures of 
interest.

• Subsonic and supersonic compressive ion-acoustic waves have been found.

• The results show that the ions concentration and temperature affect the basic 
features (phase velocity, amplitude, and width) of the pulses. 
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